In this paper, we introduce a novel class of topological systems with inversion-symmetry and fractional (non-integral) Chern numbers. The non-integral topological number arises due to the discontinuous behaviour of the Hamiltonian in the spectral domain. We propose a fractional bulk-edge correspondence that links the number of edge-states with the fractional topological number. Furthermore, we show that the number of bands below a band-gap of a generic one-dimensional periodic system determines the Chern topological number of an extended system with a synthetic dimension. It is theoretically and numerically demonstrated that in real-space the Chern number gives the number of gapless trapped state branches localized at the system boundary, when its geometry is continuously displaced by one lattice period.
I. Introduction
Topology has recently emerged as a new tool to characterize global properties of physical systems, e.g., physical responses that are robust to perturbations of the system parameters [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . There are different classes of topological platforms. Usually a nontrivial topology is rooted in some particular symmetry or combination of symmetries of the system, e.g., invariance under discrete translations, time-reversal, parity, etc. For systems with a Cherntype classification the topological analysis relies on the spectrum of some family of Hermitian operators Ĥ q parameterized by a two-component label ( ) 12 ,= q [12] [13] . The Hermitian property is not essential [13] [14] [15] [16] [17] [18] [19] [20] [21] . Provided the two-parameter space is a closed surface with no boundary and Ĥ q varies smoothly with q , then it is possible to assign a topological number gap to the spectral band-gaps. This result is known as the Chern theorem.
The number gap is an integer and its value is insensitive to perturbations of Ĥ q that do not close a band-gap.
In most studies so far, the topological properties are inherited from the periodicity of the system along two-directions of space and q is identified with a Bloch wave vector. The corresponding two-parameter space is a Brillouin zone, which is effectively a closed surface with no boundary (a torus) due to its cyclic nature, as required by the Chern theorem. Thus, topological materials are characterized by integral Chern numbers. Here, we depart away from this paradigm and present an example of a photonic-type topological system with a synthetic dimension and fractional Chern numbers. Our analysis unveils that "fractional" topological numbers can emerge when Ĥ q is discontinuous in the q -space. It is shown that a spatial displacement in real-space "pumps" topological charge into the system with the synthetic dimension. It should be noted that fractional Chern insulators have been widely discussed in condensed-matter systems [22] [23] [24] . However, the emergence of fractional Chern 3 numbers in such platforms is rooted in many-body effects, and, in our understanding, there is no obvious link between our theory and these systems.
This article is organized as follows. In Section II it is shown that in 1D-type periodic systems the number of photonic bands below the gap can be understood as a topological number. In Section III, we link the gap Chern number with the number of edge states supported by an extended system with a synthetic dimension. It is demonstrated that in realspace the topological number determines the number of gapless trapped-state branches that are created when the geometry of the 1D-periodic system is continuously displaced by one spatial period. In Section IV, we show that fractional gap Chern numbers can arise in 1Dperiodic systems with inversion-symmetry due to a discontinuity of Ĥ q in the q -space. A fractional bulk-edge correspondence that relates the fractional topological invariant with the number of boundary states is proposed. The conclusions are drawn in Section V.
It should be noted that previous works [25, 26, 27] predicted topological light-trapping on dislocations, but using mechanisms and theories unrelated to ours.
II. Topological band count
We consider a generic platform that is formed by a 1D real-space periodic system, which we shall designate as "waveguide". The "waveguide" can be visualized as some periodic (possibly three-dimensional (3D)) structure that only allows propagation (waveguiding) along the x-direction. For example, it can be a hollow metallic structure, with the metal walls invariant to translations along the x-axis, and with the guide periodically loaded with dielectric inclusions ( ) ( ) , , , , x y z x a y z
 =+
; here a is the lattice period. For simplicity, in most examples we shall take the "waveguide" as a genuinely 1D photonic crystal formed by a periodic stack of dielectric slabs ( ( ) ( ) x x a  =+ ) and restrict our attention to propagation along the x axis. However, it is underlined that it can be fully three-dimensional. 4 We admit that the wave propagation in the structure is determined by some operator ( ) , Hi − r such that the time evolution of the system state vector  , e.g., the electromagnetic field, is described by a Schrödinger-type dynamics t iH 
=
. The time evolution of any (eventually dispersive) electromagnetic platform can always be expressed in such a manner [9, 12, 28, 29] . For convenience, we designate Ĥ as the Hamiltonian.
Due to the periodicity along the 
and with envelope given by
Clearly, the eigenvalues of Ĥ q are independent of s q and thereby the band-gaps of Ĥ q are the same as the band-gaps of the "waveguide". In other words, a translation in space does not alter the band structure. 6 We used |1 uu=and the periodicity of the envelope in x. The first term in the right-hand 
Therefore, the number of photonic bands below the gap of a generic 1D-type photonic crystal can be understood as a topological number. The topological charge of each band is acquired from the translational shift suffered by the waveguide. In other words, a translation in space effectively "pumps" topological charge into the system described by Ĥ q . This property and its consequences are discussed in Section III. 7 
III. The synthetic dimension and bulk-edge correspondence

A. The synthetic dimension
Next, it is shown that Ĥ q can be regarded as the momentum-space operator of a system that consists of the original 1D-type waveguide (which as previously mentioned can be embedded in a three-dimensional space) with an additional synthetic dimension. Systems with synthetic dimensions were recently discussed in the literature to emulate physical and topological phenomena in higher dimensions (see e.g., [30] [31] [32] 
with n=0,±1, ±2,… . The matrix elements of ˆe are defined as: 
Thus, the operator
The previous theory can be readily applied to the family of operators
. In particular, Ĥ q is the momentum-space version of some operator ˆe defined on an extended-space determined by the continuous coordinate x (which varies in the "real-space") and by the discrete coordinate m (which varies along the synthetic lattice-type dimension). This property is important as it guarantees that the gap-Chern number can be linked to the number of edge-states through a bulk-edge correspondence [13, [33] [34] [35] [36] [37] ].
B. The bulk-edge correspondence
The bulk-edge correspondence establishes a precise relation between the gap Chern numbers of two topological materials and the net number of unidirectional edge states [33] [34] [35] [36] [37] . There is a simple argument that justifies the emergence of edge-states at the interface of a topological system terminated with an "opaque" (impenetrable) electromagnetic boundary [13, 37] . Interestingly, the gap Chern number can be written as a volume integral of the Green's function of a large cavity terminated with periodic boundaries [13, 37] . The key point is that in a band-gap the Green's function evaluated in the interior of the cavity is insensitive to the boundary conditions on the walls. This is so because in a band-gap the radiation from a point-source in the interior of the cavity is unable to reach the walls.
However, it turns out that if the cavity walls are "opaque", the integral that determines the 9 Chern number (evaluated with the Green's function that satisfies the opaque-type boundary conditions) vanishes. The sensitivity of the Chern number integral to the boundary conditions forcibly implies the emergence of gapless edge states at "opaque"-type interfaces. For detailed arguments a reader is referred to Refs. [13, 37] (see also Refs. [38] [39] ).
From the previous discussion, the Chern invariants of the operator ˆe determine a bulkedge correspondence in the extended space with a synthetic dimension. Are there any consequences of this bulk-edge correspondence in real-space? To answer this question, consider two 1D-type periodic "waveguides", described by the (real-space) Hamiltonians 1 H and 2 H , respectively. Suppose that the waveguides have a common band-gap. Furthermore, let us add a synthetic (discrete) dimension to each waveguide, such that the extended-space
Hamiltonians are 1e and 2e , with each of them described by a momentum-space
Hamiltonian of the form
For definiteness, we take 
Here, bands,i n is the number of bands below the gap for the i-th waveguide. In particular, when the number of shifted cells in both waveguides is 21 1 NN == , the gap Chern number difference is given by the difference of the number of bands below the gap, which thereby is a topological quantity.
The bulk-edge correspondence implies that an interface of the two topological platforms 
C. Numerical examples
To illustrate the developed ideas, we consider the case where the "waveguides" are 1D photonic crystals formed by stacked dielectric slabs (see Fig. 1 (ai) for the geometry of a generic binary photonic crystal). The band structure of a 1D photonic crystal can be calculated with standard methods [40] . We denote at the left or right, respectively ( Fig. 1(ai) ). The band diagram and the Bloch impedances are numerically evaluated as explained in the supplementary note A. 11 Consider the scenario where two photonic crystals are paired to form an interface at 0 x = ( Fig. 2(ai) ). The semi-space 0 x  is filled with a photonic crystal modeled by
The trapped (defect-type) states at 0 x = are the solutions of the characteristic equation [27] :
Here, ( Our formalism enables to predict in a simple manner how many (defect-type) trapped states occur in real-space for a fixed frequency in the band-gap, when the geometry of the crystal is displaced by one period. The number of trapped states is exactly the number of bands below the gap. The operation of a "spatial shift" by one period may be regarded as a "topological pump" that inserts topological charge into the system. The topological charge is identical to the number of bands below the gap. The topological invariant manifests itself as the number of trapped states branches in a band gap.
The profile of two trapped states in the fourth band gap are represented in Fig. 2(c) . The field profiles were obtained using CST Microwave Studio [41] . As seen, the trapped states are confined to the boundary of the photonic crystal, and decay exponentially into the bulk region. As could be expected, the trapped mode in the center of the band gap ( Fig. 2(c 
) is much more confined to the interface than the one near the bottom edge of the band gap ( Fig. 2(c) 
).
In the second example, the PEC region in the semi-space 0 with the photonic crystal in the semi-space 0 x  the same as before. Figure 3(a) shows the 13 band structures of the right (blue solid curve) and left (green dashed curve) crystals. There are two common frequency band gaps highlighted with the shaded grey strips. Consider first the situation wherein one of the photonic crystals is held fixed, while the other crystal is displaced by one cell period to the negative x direction. Figure 3 We also studied the situations where the photonic crystals are simultaneously displaced to the negative x-direction 12 1 NN = = − (blue solid curves in Fig. 3c ), or, alternatively, the right crystal is displaced to the negative x-direction and the left crystal to the positive x-direction Figure 4 reports a study identical to that of Fig. 3 , when the ternary photonic crystal (region 0 x  ) is paired with the same binary photonic crystal as in Fig. 2 . The results are qualitatively analogous to those of Fig. 3 and again confirm that it is possible to predict the number of trapped states from the knowledge of the number of bands below the band-gap. Curiously, in this example the slope of the trapped states dispersion can be discontinuous (see the low-frequency gap in Fig. 4b, blue lines) . This feature is due to the discontinuity of the permittivity profile of the photonic crystals.
Furthermore, we also studied the emergence of interface states in 1D-type waveguides embedded in a two-dimensional real-space. Specifically, consider a waveguide with metallic lateral walls constructed from a 2D photonic crystal with the unit cell represented in Fig. 5a .
The lateral width of the guide is y Na and the electric field is oriented along the z-direction. curves) x-axis. As seen, also for this more complex system, the number of branches agrees 15 with the number of bands of the waveguide below the gap. Furthermore, as expected, the slope of the curves ( ) n  = depends on the displacement direction.
IV. Fractional Chern systems
A. Non-integer Chern numbers
Consider now some 1D-type "waveguide" system with inversion symmetry described by a real-space Hamiltonian ( ) , so that the number of displaced cells in one cycle is half of an integer, which is a fractional number when N is odd. In particular, it follows that Ĥ q is a discontinuous function in the q -parameter space when N is odd.
Following the same steps as in Sect. II, still assuming that ( ) 
Without loss of generality, let us suppose that
Then, it is seen that 1, of the original periodic 1D system [44, 45] . Thereby, from Eq. (12) we get: 
Thereby, a half-of-period pump yields a fractional gap Chern number that is identical to the number of bands below the gap multiplied by /2 N : 
B. Fractional bulk-edge correspondence
Similar to Sect. III, it is possible to add a synthetic dimension to the system so that Ĥ q is the momentum-space version of some operator ˆe defined in an extended space of coordinates. Is there any manifestation of the fractional topological number gap in the realspace? 17 The standard bulk-edge correspondence is not directly applicable to systems with a fractional Chern number [13, [33] [34] [35] [36] [37] . However, motivated by the findings of the previous section, we conjecture that an interface of inversion-symmetric systems with a fractional the configurations for which the system has inversion symmetry with respect to the origin ( 0 x = ). Importantly, the notion of parity-symmetry cannot be unambiguously applied to a PEC boundary or to other opaque-type boundaries. Thus, such opaque-type boundaries are excluded from the proposed fractional bulk-edge correspondence.
We did extensive numerical simulations to test the conjectured bulk-edge correspondence for fractional Chern systems formed by dielectric photonic crystals. Here, we report the results obtained for two representative configurations: an interface formed by pairing two binary crystals [example of Fig. 3 discussed previously] and an interface formed by pairing a binary photonic crystal with a quaternary inversion symmetric crystal [ Fig. 6 ]. Note that binary photonic crystals are always inversion symmetric.
In both examples, we computed the trapped states for a full-period spatial shift It should be noted that our theory is rather different from that of Ref. [27] , which predicts the emergence of interface states in one-dimensional inversion-symmetric photonic crystals from the sign of the imaginary part of the Bloch impedance calculated at an inversion symmetry plane. The sign of the Bloch impedance depends on the gap Zak phase and on the number of pass-bands below the gap. Different from [27] , our theory predicts the precise number of edge state branches created when the crystals are displaced by a half-integer number of lattice periods. The band structure of the ternary photonic crystal is represented with green dashed curves in panel a).
27 As is well-known, the wave propagation in a 1D photonic crystal is formally equivalent to the propagation in a periodic transmission line (Fig. A1) . Thus, the characteristic equation for the Bloch waves can be easily found using the ABCD-matrix formalism [S1]. To this end, one needs to find the ABCD-matrix for a unit cell, which links the input and output voltages and currents as: 30 From the theory of microwave networks, the global ABCD matrix is given by the product of the ABCD matrices of the uniform line sections:
In the above,
is the ABCD matrix of the th i section, A2 ). This is done as before by multiplying the ABCD matrices of the uniform line sections.
For the example, for the geometry shown in Fig. A2 
Supplementary Note B: Relation between the Zak phases of two symmetry centers
Here, we consider a generic scalar Hamiltonian ( )
